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COMMUTATIVE C*-ALGEBRAS GENERATED BY TOEPLITZ 
OPERATORS ON THE SUPER UNIT BALL 

R. QUIROGA-BARRANCO AND A. SANCHEZ-NUNGARAY 


Abstract. We extend known results about commutative C*-algebras gener¬ 
ated Toeplitz operators over the unit ball to the supermanifold setup. This 
is obtained by constructing commutative C*-algebras of super Toeplitz oper¬ 
ators over the super ball 8^1“? and the super Siegel domain U^I'J that naturally 
generalize the previous results for the unit ball and the Siegel domain. In par¬ 
ticular, we obtain one such commutative C*-algebra for each even maximal 
Abelian subgroup of automorphisms of the super ball. 


1. Introduction 

In [4] it was proved, under mild conditions, that a C*-algebra generated by 
Toeplitz operators is commutative on each weighted Bergman space of the unit 
disk if and only if there is a pencil of hyperbolic geodesics of the unit disk such 
that the symbols of the Toeplitz operators are constant on the cycles of this pencil. 
In fact, the cycles are the orbits of a one-parameter subgroup of isometries for 
the hyperbolic geometry on the unit disk. We note that there are three different 
non-conjugate model classes of such subgroups: elliptic, parabolic and hyperbolic. 
This provides us with the following scheme: the C'*-algebra generated by Toeplitz 
operators is commutative on each weighted Bergman space on the unit disk if and 
only if there is a maximal Abelian subgroup of Mobius transformations such that the 
symbols of the Toeplitz operators are invariant under the action of this subgroup. 

A generalization of this scheme was given in [iisiiin]- The generalization is 
obtained by considering a maximal Abelian subgroup of biholomorphisms of the 
unit ball, then the C'*-algebra generated by the Toeplitz operators whose symbols 
are invariant under the action of such subgroup is commutative on each weighted 
Bergman space. It was also noted that there are hve different non-conjugate model 
classes of such subgroups: quasi-elliptic, quasi-parabolic, quasi-hyperbolic, nilpo- 
tent, and quasi-nilpotent. We refer to the above mentioned works for further details. 

On the other hand, the general theory of non-perturbative quantization for a 
class of Hermitian symmetric supermanifolds (a particular case is the super ball) 
was developed in 1213]. Such quantization is based on the notion of super Toeplitz 
operator defined on a suitable Z 2 -graded Hilbert space of superholomorphic func¬ 
tions that effectively defines super Bergman spaces. These quantized supermani¬ 
folds yield the C*-algebra generated by such super Teoplitz operators. Along these 
lines, in [2 it is given an exhaustive description of the super Toeplitz operators over 
the super ball using classical Toeplitz-type operators. 
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Recently and quite unexpectedly it was observed in [SEIIII] that there are five 
different non-conjugate classes of maximal abelian supergroups of isomorphisms of 
the super disk labeled by the names super-elliptic, quasi-elliptic, super-parabolic, 
quasi-parabolic and quasi-hyperbolic. In these works it is proved that the C*- 
algebra of super Toeplitz operators whose symbols are invariant under the action 
of one of these subgroups is commutative on each weighted super Bergman space. 

The main goal of this work is to extend the previous results and theory to the 
case of the super unit ball and its unbounded realization the super Siegel 
domain. 

Hence, we introduce in Section [2] the super Bergman space for the super Siegel 
domain and prove its unitary equivalence with the super Bergman space of the 
super ball. This allows us to use the known theory to compute the super Bergman 
projection and define the super Toeplitz operators on the super Siegel domain. 

With the above setup, we obtain the full list of even maximal Abelian subgroups 
of the group of automorphisms of the super unit ball. Our classification is based on 
the analysis of the corresponding maximal Abelian subalgebras that are described in 
Theorem l3.2l This is used in Section[3]to give an explicit description of the actions of 
the even maximal Abelian subgroups on the super unit ball. Most of these are easier 
to present in the super Siegel domain. There exists 5 non-equivalent types of even 
maximal Abelian subgroups for our supermanifold setup, one of them depending 
on a parameter for a total of n -I- 2 different conjugacy classes. We label the five 
types with the names quasi-elliptic, quasi-parabolic, nilpotent, quasi-hyperbolic, 
and quasi-nilpotent. 

Section |4] introduces a super Bargmann transform corresponding to each one of 
the conjugacy classes of even maximal Abelian subgroups mentioned above. These 
super Bargmann transforms generalize those presented in [^. At the same time, 
our transforms allow us to prove that the C'*-algebra generated by the Toeplitz 
operators whose symbols are invariant by one of the even maximal Abelian sub¬ 
groups is commutative. This is obtained in Section |6] and is thus the core of this 
work. The relevant results, for each type of even maximal Abelian subgroups, are 
Theorems ICT iRlIOl IHAI IbAl We note that our results have the same strength of 
those for the classical case in that our approach using a super Bargmann transform 
allows us to realize the commuting Toeplitz operators in each case as multiplication 
operators. 


2. Weighted super Bergman spaces and projegtions 


For p > 1, let 0(BP) denote the algebra of holomorphic functions ^{zi,..., Zp) 
on the open unit ball 

B^ = {z = (zi,..., Zp) : |z|^ = |zi|^ -|- • • • -|- |zp|^ < l} 

in CP. 

For p > 1, let 0{UP) denote the algebra of all functions ... ,Wp) that are 

holomorphic on the Siegel domain 

W = {w = (w', Wp) = {wi ,..., Wp) G CP : Im(rt;p) — \w'\^ > 0} , 

where w' G CP“^ 


Definition 2.1. For v > p, the weighted Bergman space 

hHW) = C>(BP) n L‘^{W, dp^) 
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consists of all holomorphic functions on which are square-integrable for the 
probability measure 

d^ii, = Cu(l — zzY~^~^dz, V > p, 

where the normalizing constant is given by 

c r(u) 

'' ttPT[v — p) 

with zw = ZlWl^ - VZpWp on and dz is the Lebesgue measure. Correspondingly, 

the weighted Bergman space 

Hl{W) = OiiJP) n L^{W, dpY 

consists of all holomorphic functions on which are square-integrable for the 
probability measure 

dpi, = ^(Im(wp) — w'w'y~^~^dz, iz > p, 
where dz is the Lebesgue measure. 

It is well-known (see m) that has the reproducing kernel 

Kmp,v{z,w) = (1 - zw)~'', 

for all z,w G BP. And that has the reproducing kernel 

_ , . (Z^-Wn , 

^VP,i^[Z,W) = I - — - z w' 

for all z,w G UP. 

Let Aq denote the complex Grassmann algebra with the generators 
satisfying the relations 

for 1 < i, j < g. If we take Q := {I,..., q}, then we have 

Aq = C(^/ : I C Q), 

where = Cu ’'' ^iic if ^ = {U < ••• < *fe}- For disjoint subsets I,J we have 
= Sij^iuj for some ej^j = ±1 whose value depends on the pair /, J. 

The tensor product algebra 

Ci(BPl«) := C>(BP)(g) A, 

consists of all super-holomorphic functions 

IcQ 

where ik/ G 0 (Ep) for all I C Q. In a similar way, the tensor product algebra 

C>(UPl'?) := OiW) <g) Aq 

consists of all super-holomorphic functions. In this case we have a similar expression 
for the super-holomorphic functions. 

Let Ag denote the complex Grassmann algebra with the generators ... ,^q, 
... ,^q satisfying the relations 

= 0 ) 
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— 0 , 


for 1 < i, j < q. 

Thus we have 

A^ = C{^iej-.I,JcQ), 

where and = fj, • • • if / = {ii < • • • < 4} and J = {ji..., ji}. 

The tensor product algebra 

consists of all continuous super functions 

i,JcQ 

where € C(B^’) for all I,JcQ. Similarly 

C(UPl'?) :=C(U^’)(g) 

consists of all continuous super functions 


i,JcQ 


where G C(1[J^’) for all I,JcQ. 

There is a natural involution 'I' i—^ 'h* on these spaces of super functions, which 
is defined by 

I,JCQ 


for T as above. 

The Berezin integral on is defined by 


/vpi9 


dzd^F(z, 


fQ,Q{z)dz 


for F € C(VPl‘^), where the normalization is given by 


[ dzd^^Q^Q = 1, 

where is either or U^. 

For any given morphism 7 between super domains we define 

/dw d^\ opr/ 

(2.1) 7 '(^) = Ber Is ^ = Ber—, 

\ ac ac / c'z 

where Z = (zi,..., Zp,^i,... ,^q), W = (wi,... ,Wp,uJi,... ,ujg) and where the 
Berezinian is defined as follows 

(2.2) =det(A-SD-iC')det(i:i)-b 

We refer to [T] for more details. 

We now recall a natural biholomorphism of supermanifolds between the super 
p-ball BPi'^ and the super Siegel domain UpI^. 

We define the super Cayley transform from B^^'^ to in local coordinates by 

(2.3) ll;{zi,...,Zp,^l,...,^q) = {wi,...,Wp,UJl,...,UJq), 
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where 


IZk 

Wk = — -, for fc = 1,... ,p- 1, 

I + Zp 
■ f Zp 

Wp = I ^ , 

1 + Zp 

Wfc = , for fc= 

1 + Zo 


The inverse transform is given by 

—2iwk 


Zk = 


1 — iw^ 


for fc = 1,..., p — 1, 


Zr) - tz 


Vp 

. 1 + iw. 


p 


1 — iW' 


p 


2iuJk p , 

6 ^, for A: = 1,, q. 

1 — IWp 

Lemma 2.2. Let Z = U = {u,r]), ^{Z) = {w, uj) = W and = {v, C) = 

V where ip is given by i2.S\} . Then, we have 


(2.4) (1 + zu - ^ 77)(1 + Zp) (1 + Up) 1 = 


2i 


— w'v' — UJ(p 


(2.5) (1 + zit — ^ 77 ) = 


2i 


— w'v' — ) 4(1 — iwp) ^(1 — ivp)~^, 


where ^0 = ^i9i + • • • + ^q9q and zw = ziWi + • • • + ZpWp. 

Proof. Using the above and substituting 'ip{Z) = {w,uj) = W and tpiU) = {v,f) = 
V on the left hand side of equation (12.411 it follows that 

Wp — Up II 

— W V — bjQ 


2i 




. 1 — Zp . 1 — Wp 

'I _ll — _ — 

1 Zr) 1 + Up 


P-1 


izk iuk _ ^ i^k iVk 
^^1 1 + Zp 1 + Up 1 + Zp 1 + Wp _ 


-E 


P-1 


= E [(1 - ^p)(l + Wp) + (1 - Wp)(l + Zp)] - ^ ZkUk - ^ ^kVk 


k=l 


k=l 


1 


1 


(1 + Zp) (1 + Up) 

1 1 


p-1 


(1 + Zp) (1 + Up) 


1 ZpUp ^ ) ZkVk 'y ) ^k’gk 


fc=l 


k=l 


= (1 + Zp) Ul + Mp)-l(l + ZW - C??)- 
Its clear that 1 + Zp = 2(1 — iwp)~^, then we obtain (12.51) . 


□ 


Definition 2.3. For any parameter iz > p — q + 1, the (weighted) super-Bergman 
space 

H^.d&P^") c 0 (BPl«) 
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consists of all super-holomorphic functions which satisfy the square-integrability 

condition 


TTPT{v + q-p) 7 bp |, 

where ^9 = ^i6i + • ■ • + ^qOq and zw = ziWi + • • • + ZpWp. Moreover 


{1 - zz - 

TTPT(iy + q — p) 


- 7.7.Y+\-’\-P-^ 


— {I - zz) ' • - • ‘ 

^ 7rPr(i/ + I J| - p) 


JcQ 


In the authors proved that the super Bergman space has a decomposition in 
direct sum of classical Bergman space and gave an explicit expression for the super 
Bergman projection. If we take di' = J^mciQ 4’m^m € C 0{Mp^‘>) then the 

inner product has the form 

r(^.) 


7rPr(j^ + q — p) 


f dzdai-zz-^^r+p-p-^^iz,0 

JBpI'' 


,z/+m' 


P-6) E rDT^ E 

m=l ' McQ,\M\=m 

Thus the super Bergman space over the super ball has an orthogonal decomposition 


m—0 


into a sum of weighted Bergman spaces for 0 < m < q, with multiplicity (™). 
Moreover, this super Bergman space has the reproducing kernel property 

PBpi’i,u'i’iz,0 = -V / dwduj{l - ww - ujU!)''+‘^-P-^ 

TrPT{i7 + q-p) Jgplg 

X (1 — zw — uj) = 'k(w, w). 


In other words, i?^(BPl‘?) has the reproducing kernel 

C: W, Uj) = (1 - ZW - Cw)"'" 


Definition 2.4. For any parameter ly > p — q + 1, the (weighted) super-Bergman 
space 

consists of all super-holomorphic functions T {w, oj) which satisfy the square-integrability 
condition 

-N [ dwduj{lui{wp) - w'w' - wwY+'i-P-^ 

AttPT{v + q-p) 

X 'I'(z,a;)*'I'(ri;,a;) < oo, 


where ^uj = -|- • • • -I- ^qUJq and z'w' = ziWi Zp-iWp-i. Where one can 

prove that 


1 

47rPr(^ + q — p) 


f Wp-Wp 

V 2i 


W W' — OJUJ 


l/+q—p—l 
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= E 

JcQ 


47rPr(u + \J\ — p) 


2i 


v+\J\—p—l 




We now observe that the Berezinian of the Jacobian matrix of the transformation 
i/) given bv 12.31 satisfies 


ip'iZ) = Ber 


0 C 


= det(A) • det(C' ), 


where 

and 


A = Diagonal(*(l + Zp) \ , *(1 + Zp) ^,-2z(l + 2 :p) 


C = Diagonal(i(l + 2 ;p) ^. ,i{l + Zp) ^). 

As a consequence we obtain that = —2z^’“'^+^(l + and analogously 

{ip-^)'{W) = -2P-'?z9-P-i(l - iWpY-P-^. 

Definition 2.5. We define the operator Ui, : —>■ given by 

2 




1 — iWr 


and its adjoint U* : ij2(BPl9) given by 


u:mz) = 


1 + 


Theorem 2.6. The operador U^, : —?> is unitary. 

Proof. Consider ih G Then we have 

r(u) 




■ [ dzdfil -zz- ffr+'^-P-^^iz, CT'i’iz, 


7rPr(j/ + q — p) 

Using Lemma and the change of variable given by the super Cayley transform 
(I2.3D on the right side of the above equation, we obtain 

—7 / dwduj{'tjj-^y{w){'ijj-^y{w) 

7rPr(u + q-p) Jupi, 

X (Im(u>p) - w'w' - u;a;)^+«-P-M'^+«-P-i((l - iWp)-^y+‘>-P-^ 


X (1 - iwp)-^)''+^-P-^'i>{'ip-\W))*'i>{'ip-\W)) 


r(u) 


7rPr(u + q — p) 
' Wr, — w. 


[ dwdoj4P ‘^{1 — iWpy ^ ^(1 — irCpj'J-P-i 
JlfPlQ 


P ^P / “/ 

- - - — W z' — (jJUJ 


2i 


v+q—p—l 




X (1 - iWp)-^)''+'^-P-^'i>{'ip-\W))*'i>{'ip-\W)) 


r(u) 


47rPr(u + q-p) Jisp\. 


dwdio 


2i 


) l/+q—p—l 


\ 1 - iWp ) V1 - IWp ) 


={U,mU,{'f))vPi.,p 


□ 
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Corollary 2.7. If ^ 0,y{W^‘>), then we have 

m 


TrPT{iy + q — p) 


dwdoj 


'UpIq 


2i 


) iy+q—p—l 


= i E 

m — 1 ^ I ™ 


m=l McQ,\M\=m 

In other words, there is an orthogonal decomposition 




m—Q 


into a sum of weighted Bergman spaces for 0 < m < q, whose corresponding multi¬ 
plicities are (™). 


Proof. We rewrite the operator Ui, as follows 


/ o \ ^+1-^1 

uA'fKw) = t3— 

MCQ \ 

MgQ 


where K+m : -J> H^^^{1]p) is defined by 


K+m(/) = /(V'o \w)) ( —^ 


v+\M\ 


Since we known that l^+m is a unitary operator, the result follows. 


□ 


Proposition 2.8. For v > p and G we have the 

reproducing kernel property 

u+q—p—l 


Pvp\i,v^{w,uj) = 


r(^) 


7rPr(:^ + q-p) JijpW 


dvdt^ 


2i 


— v v' — ff 


^P ^ ^P — yj'y' — j ^) = w). 


In particular, Ilf;{l]P^'^) has the reproducing kernel 

'Wri — V. 


Arupi<2,,.(w,w,w,C) = 


'Pp l~l 


2i 


— w v' — ujf 


Proof. We know that Ui, is unitary, therefore the Bergman projection over i7^(l[JPl®) 
is given by 

A,Url'> “ PvPu,MP\iP V ^ 

thus Pup II, (5') is given by 


Uu 


'kPT{i' + q — p) 


f dud'q{l — uu — rjviY'^'^ p ^{1 — zu — fri) ''U*{'i'{V)) 
Jmp\i 
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Using the change of variable (j2.3L taking W = (w,uj) = = ip{Z), V = 

{v, C) = i^iu, 77 ) = ip{U) and Lemma [221 we obtain 


r(u) 


l — iWpJ 4 TTPT{iy + q — p) 


’UpI? 


dvdC, 


X (2(1 - ivp)-^Y{2{l - ivp)-Y''-^{V) 


-£- _£_ _ -j/i 'll' . 


2 i 

r(u) 


V 2 i 

1 ^ 

V 

1 +UpJ 

1^-. 



v+q—p—l 


— w'v' — ojQ ) 4(1 — iwp) ^(1 — ivp)~^ 


Ye _ Ye _ ,A 7 / _ 


A pr( M \ dvdCi^-^^ - v'v' - CO 

47rPr(i/ + g-p) 7up|, 2i 


-ujC\ 4/(U) 

2i ’ 


1 + Wo / V 1 — 


r(u) 


/ dvdo^^^^^ - v'Y - ccr^^-^~" 

4ttPT{i'+ q - p) Jlfpiq 2i 


^P ^P-ppO'-u;C] 4/(U). 


2 i 


□ 


3. The super-group SU(p, l|g) and its even MASG’s 


There is a super Lie group denoted by SU(p, 1|(;) that is naturally associated 
to the super unit ball and whose definition we now recall (see 0 )- The base 
manifold of SU(p, 1|(;) is the Lie group SU(p, 1) x SU(( 7 ). For the structure sheaf 
we use the Grassmann algebra A(Mp+q+i(C)), where Mp+q+i{C) is the space of 
complex square matrices of size (p + q+l) x (p + g+ l), and we consider the tensor 
product 

C“(SU(p,l))GA(Mp+,+i(C)). 

The variables corresponding to the matrix entries are given the following parity 
assignments 


piljk) = pOjk) 


0 , if 1 < j, fc < p + 1 or p + 1 < j, fc < p + (7 + 1, 
1, otherwise. 


Thus we have that the super-matrix has a natural block decomposition as follows 

"A 

,D B. 


7 = 


where A and B are even square matrices with sizes (p -I- 1) x (p -|- 1) and q x q, 
respectively, and C and D are odd matrices with sizes <7 x (p -|- 1) and (p -I- 1) x q, 
respectively. The structure sheaf of SU(p, 1 |( 7 ) is obtained by considering the set of 
matrices 7 as above that satisfy 


Bery = 1, OJpMql = JpMq, 

where 

flp 0 0 \ 

JpMq = 0-1 0 . 

VO 0 -IqJ 
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In particular, the Lie super algebra su{p, 1|(;) of SU(p, l|g) is given by the set of 
matrices 7 that satisfy the conditions 

str( 7 ) = 0 , 'y*Jp,l\q + Jp,l\ql* = 0, 

where str( 7 ) = tr(A) — tr(_B) and tr(Al) are the usual supertrace and trace, re¬ 
spectively. Since the parity of the entries for such matrices is defined as above, we 
conclude that the Lie algebra of even elements of su(p, llg) is given by 

su(p, l|( 7 )o = s) ■ ^ G u(g),tr(A) = tr(B)| . 

On the other hand, the super Siegel domain realization of the super unit 
ball together with the super Cayley transform introduced before yield another 
realization of the super Lie group SU(p, ll^). More precisely, we obtain the super 
Lie group SU(iLp|q) whose base Lie group is 

SU(iLp) X SU((z), 

where SU(iLp) is the Lie group of unitary transformation of the pseudo-Hermitian 
form on 0 ^+^ whose matrix is the following (see [ 10 ] for comparison) 

/ 2 /p_i 0 0 \ 

Kp= { 0 0 . 

\ 0 i 0 J 

The structure sheaf of SU(iLp|q) is given by the set of matrices 7 as above that now 
satisfy 

Ber( 7 ) = 1, 7 *i^p |,7 = Kp\q, 

where 



In particular, the super Lie algebra of SU(iLp|q), denoted by su{Kp^q), has the 
following Lie algebra as space of even elements 

5u{Kp\q)Q = s) ■ ^ u{Kp),B e u(q),tr(A) = tr(S)| . 

Here, we have used the notation where u(Kp) denotes the Lie algebra of the Lie 
group V(Kp) of unitary transformations for the pseudo-Hermitian product with 
matrix Kp. 

We note that SU(p, llg), S\J{Kp^q) and their Lie algebras are conjugated through 
the super Cayley transform considered before. At the base manifold level this 
implies that su(p, 1) and su{Kp) are conjugate. 

Definition 3.1. An even maximal Abelian subalgebra of su(p, l|q), or an even 
MASA for short, is a maximal Abelian subalgebra of the Lie algebra su(p, l|(z)o- 
An even maximal Abelian subgroup of SU(p, l|q), or an even MASG, is a connected 
super Lie subgroup of SU(p, l|g) whose Lie super algebra is an even MASA. 

We now list the collection of all even MASA of su(p, llg) up to conjugacy. Note 
that since su(p, llg) and 5u{Kp\q) are conjugated the even MASA of both super 
Lie algebras correspond to each other. In particular, the conjugacy classes of even 
MASA’s can be described in terms of either one of these super Lie algebras. Also 
note that it follows from the above remarks that the maximal Abelian subalgebras 
of su(p, 1) and su{Kp) correspond to each other as well. 
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Theorem 3.2. For every even MASA f) of su{p,l\q) there exist maximal Abelian 
subalgebras f)i C u(p, 1) and f )2 C ii{q) such that f) is conjugate to the even MASA 

f)i Klo f )2 = b) f) 2 ,tr( 2 l) =tr(B)|. 

Furthermore, we can assume that f )2 is the Lie subalgebra of diagonal matrices in 
ii{q) and that f)i is given by one of the following where D{k) denotes the Lie algebra 
of k X k diagonal matrices with pure imaginary entries. 

(1) Quasi-elliptic: The Lie subalgebra of diagonal matrices in u{p, 1). 

(2) Quasi-parabolic: The Lie subalgebra of su{Kp) that consists of the matrices 
of the form 

/D 0 0\ 

0 z 0 , 

\0 0 zj 

where D € D{p — 1), 2 G C and tr(£)) + 2ilm (z) = 0. 

(3) Quasi-hyperbolic: The Lie subalgebra of su{Kp) that consists of the matrices 
of the form 

/DO 0\ 

0 iy a , 

\0 0 iyj 

where D G D{p — 1), a, y G ffi. and tr(Z)) + 2iy = 0. 

(4) Nilpotent: The Lie subalgebra of su{Kp) that consists of the matrices of the 
form 

/ 0 0 
j 2ib 0 a I , 

Vo 0 0/ 

where a G M and b G 

(5) Quasi-nilpotent: For some k such that 1 < k < p — 2, the Lie subalgebra of 
su{Kp) that consists of the matrices of the form 

/D 0 0 0\ 

0 iyLp_k-i 0 b* 

0 2ib iy a ’ 

yO 0 0 iy J 

where a,y gR, b G D G D{k) and ti{D) + iy{p — fc + 1) = 0. 

Proof. Let f) be an even MASA subalgebra of su{p, l|g). In particular, f) is a MASA 
(maximal Abelian subalgebra) of su(p, l|<7)o- We first note that 

su{p,l\q)o ~su(p, 1) X u{q) 

as Lie algebras where the isomorphism is given by the assignment 

( 0 ■ 

And so, we can consider 1) as a MASA of su(p, 1) x u{q). 

Let ()i and 1)2 be the projections of f) into the first and second factors, respectively. 
Hence, t)i and 1)2 are both Abelian Lie algebras. It is clear that 1) C f)i x 1)2 and the 
maximality of t) implies that 1) = l)i x 1)2. Furthermore, the same argument shows 
that l)i and 1)2 are MASA’s of su(p, 1) and u{q), respectively. It is well known that 
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there is a single conjugacy class of MASA’s of u{q) with a representative given by 
D{q). The conjugacy classes of MASA’s of su{p, 1) are also known and they are 
listed in m- From this and the above isomorphism of Lie algebras the result now 
follows directly. It is also important to note that the MASA’s of u(p, 1) are of the 
form ()i X M where f)i is a MASA of su(p, 1). □ 


After exponentiating the even MASA’s listed above we obtain the following even 
MASG’s viewed through their actions on either or The content of The¬ 
orem [321 is that, up to conjugacy, these are the only MASG’s of SU(p, llg). 

Quasi-elliptic group of super biholomorphisms of the super unit ball is 
isomorphic to with the following group action: 

(t, s) : {z, 9) € B^l'^ !->• {tz, s9) = {tiZi ,..., tpZp, Si6i,..., Sq9q) G 
for each t = {ti,... ,tp, si,..., Sq). 

Note that if the super function F is invariant under the action of the quasi-elliptic 
group, then 

IcQ 

where r = (ri,...,rp) = (|zi|,., \zp\). 

Quasi-parabolic group of biholomorphisms of the super Siegel domain is 
isomorphic to x K x T'^ with the following group action: 

(t, h, s) : (z', Zp, 9) G ^ (tz', Zp + h, s9) G 
for each (t, h, s) G x K x T'^. 

In this case, if the super function F is invariant under the action of the quasi¬ 
parabolic group, then 

I<ZQ 

where r' = (ri, ...,rp_i) = (|zi|,..., |zp_i|). 

Quasi-hyperbolic group of biholomorphisms of the Siegel domain is iso¬ 
morphic to X R+ X T'J with the following group action: 

(t,r,s) : (z',zp,6») G ha {r^/'^tz',rzp,r^/'^ s9) G UpI«, 
for each (t, r, s) G x ]R_|_ x T'^. 

We now have that, if the super function F is invariant under the action of the 
quasi-hyperbolic group, then 

fi . ..,p„-i,arg(z„ - i\z'\'^)) |z„ - 

IcQ 


where z' = (zi,Zp_i) and 

^_Iffcl_ 

v'|AP + |z„-*|z'|2|’ 

for fc = l,...,n—1. 

Nilpotent group of biholomorphisms of the Siegel domain is isomorphic to 
X K X with the following group action: 

(6, h, s) : (z', Zp, 9) G ^ {z' + b,zp + h + 2iz' ■ b + ^|6|^ s9) G 
for each (6, h, s) G x K x T^. 
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In this case, we have that if the super function F is invariant under the action 
of the nilpotent group, then 

IcQ 

where z' = (zi,Zp-i). 

Quasi-nilpotent group of biholomorphisms of the Siegel domain is iso¬ 
morphic to X X R X where 0 < fc < p — 1, with the following group 

action: 

(t, 6, h, s) : (z', z”, Zp, 9) G i-A- {tz', z" + h,Zp + h + 2iz' ■ b + s9) G 

for each (t, b, h, s) G x x R x T?. 

And for this case, we have that if the super function F is invariant under the 
action of the quasi-nilpotent group, then 

//(A2/',Iniz„ - \z'\'^)iiCi, 

IcQ 

where r = (|zi|,..., |zfc|), y' = Imw', and w' = (z^+i,..., Zp_i). 

4. Super Bargmann Transform 

In it was introduced a Bargmann type transform for each of the five cases on 
the unit ball. These Bargmann transforms are used in [9] to provide very useful 
descriptions of the Bergman spaces in terms of coordinates corresponding to the 
actions of maximal abelian subgroups. In this section we define Bargmann type 
transforms corresponding to the even MASA’s considered above. These transforms 
are natural analogues of those defined in [9] 

4.1. Quasi-elliptic case. Denote by r(B^) the base of the unit ball considered 
as a Reinhardt domain. In other words, we have 

r(B^) = {r = (n,..., Tp) = (|zi|,..., |zp|) : = r? + • • ■ + G [0,1)}, 

which is contained in R^. Consider in the polar coordinates Zk = tj-rk-, where 
Tfc G R+ and tk G T, for k = 1,... ,p. Then, with respect to the identification 

z= (zi,...,zp) = (tiri,...,tprp) = {t,r), 

where t = (ti,..., tp) G T^, r = (ri,..., rp) G r(BP), we have B^ = x r(BP), and 

= L2{TP)^L2{T{MP),y,), 

where 

«T->)=0u(T,f±), 

and the measure dy,v{r) in L 2 {t{W), yi,) is given by 

We denote the discrete Fourier transform F : T 2 (T) h = hC^) by 



■ f ^ Cn = 
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Of course, the operator T is unitary and 


J-i = F* : {c„}„ez ^ / = V c„r. 

v27r 


n^Z 


We consider the operator 

t/ = J-(p) 0 / : L2(TP) 0 L2{W, ^i,) ^ Z2(ZP) 0 L2(BP, /r.) 
where J^(p) = 0 • • • 0 As in [9] , we use the isometric embedding 

Ao,. : Z2(Z^) ^ kip’) 0 L2(B^/l.), 

defined by 

1/2 




r /(2£)^nH±OV^% foT-riG^P 

(r) = •! V j ’ lor n fc 

[ 0, for n G ZP 


\K 


Hence, it is easily seen that the map 

R*,,:l2iZP)(S)L2{MP,fi,)^k{Zl) 

satisfies 

'(27r)Pr(|n|+ 1/)^/^ f 


^Om ■ {/™(''’)}nez5_ 


n!r(i/) 


/t(Bp) 


fnir)r'^dfXi, 


In [9] the authors introduced the operator = Rq ,^U from L 2 {W,fi^) onto 
l 2 {'^+) and the adjoint operator i?* = U*Rq^i, from onto HKRP). They 

proved that i?* is the isometric isomorphism from ^ 2 ( 2 +) onto the subspace (B^’). 
Furthermore, we have 

(4.1) R,Rl=I-.l2{ZP^)^l2{K)^ 

RlRu = Pmv,u : i2(B^ /X.) ^ HliBP), 
where Pbp v is the Bergman projection. 

{{aM,n}n&l)M(lQ, {{b M ,n} nc^iz) M (Zq) 


The inner product in (/ 2 (Z((.))^”’ is given by 


= E T{!^t\M\) I E 

A/T^n ^ I I ^ \ -^^'TS'P 


MCQ 


nGZ^ 


Definition 4.1. Consider the operator 

defined by 

\MCQ J 

whose explicit expression is given by 


R 


’'XpW) 


ipM^M 

yMZQ 
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i2Tr)PT{\n\ + ly + f , 


n!r(i/+|M|) J 



The adjoint operator 


R 


* 




is defined by 


-^y,(p|g)(({cM,r!,}nGZP )mcq) 


i?L|M|({cM.n}neZ^)CM, 

MCQ 


whose explicit expression is now 

)mcq) 

■(27r)Pr(|n| + j.+ |M|)y/" 


= E I (2-)- E 

McQ 


dr(^) 




CM,nZ'^ Cm 


Theorem 4.2. T/ie operators 

and 


R 


’^dpk) 


■.{UK)) 


are isometrie isomorphisms. Furthermore, we have 

= I : iUK))"^ ^ MK))"'> 


^t'.ip\q)^i^,{p\<i) 
K,(p\q)^l^,{p\g) ~ ^ 




Proof. First, we will prove that Rv,{p\q) is a unitary operator. We first take an 
element {{cM,n }nezl)McQ) in (UK))^''’ then 


/ = 


^y,(p|9)(({CM,n}„6ZP )mcq) 


2 

®pIq,z/ 


= I E -^""+|M|({cM,ra}neZ5.)CM, E -^!^+|M| ({cM.njnGZ^ )Cm 

\MCQ MCQ 

~ E r(,, -L E ll-^i'+|M|({cM,n}nGZP )lluP,;^+m- 

m=l McQ,|M|=m 

By (14.11) we know that R^, is an isometric isomorphism, then 




^=E 


r(i. + |M|) 


MCQ 

which proves our claim. 


E |eM,raP = ({cM.nlncZ^ )mcQ 


d2(ZP))2‘' 


□ 
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4.2. Quasi-parabolic case. We define DP = ^ x R x IR+ whose points we 

denote by {z',u,v). Consider the space L 2 {^^,r]„), where rj,^ is given by 

r(i.) 


r]^{z',u,v) = 




— p) 

Consider the operator Uq ■ L 2 {W,p,^) —^ L 2 (Dp,? 7 i,) defined by 

Uoif)iz',u,v) = f{K{z',u,v)), 

where k(z',u,v) = {z',u + iv + It is clear that the operator is unitary and 

the inverse operator is given by 

Uo^{f){z) = f{K-^{z)). 

We represent the space L 2 (D^,'' 7 i/) as the following tensor product 
L2{W, p,) = L2(CP-1) 0 L2(R) 0 L2(R+, p,), 


and consider the unitary operator Ui = I 'Si F I acting on it. Here F is the 
standard Fourier transform on L 2 (R) and f{z',u,v) i-A Uif{z',^,v). 

On the other hand, we have the decomposition 

L2iW,p,) = F2(Rr') ® L2{TP-^) S L2iR) S L2(K+,?7.), 

where 

L2(TP-1) =(g)F2 

k—1 ^ 

As before, we consider the discrete Fourier transform F : L 2 {T^) ^ I 2 = and 

consider the unitary operator U 2 = IS F(^p-i) S I S I acting from 

L2(J&1~^) S L2{TP-^) S L2{R) S L2{R+,p.) 


onto 

A2(Rr') ® ® i2(K) 0 L2iR+,p.) 

= /2(ZP-\ L2(Kr') ® L2{R) S L2{R+,p.), 

where F^p-i) = FS ■ ■ ■ S F and f{z', v) H> {U 2 f{r, n, w)}„ezp-i 
We now the consider isometric embedding 

R.,0 : l2{^l~\L2{R+)) ^ l2iZP-\L2{MP-^)SL2{R)SL2(R+,p.)) 

defined by the assignment 


-Ri/, 0 { (^)} „ g zp -1 

= |xzr'(^)^R+c) 


2(27r)P(25)l”l+'"-i 

n\Y{iy) 




where the function 6„(^) is extended by zero for ^ G R \ R_|. and n & IP ^ \ 1F^_ ^. 
Its adjoint 


i?;o : l2{IP-\L2{MP-^)SL2m S A2(R+,r/.)) ^ l2{’ff-\L2{^+)) 
is given by the expression 
Kp '■ {f^n(p,?,w)}nezp-i = 
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Xk+({) 


2(27r)P(2^)l”l 

n!r(u) 


+ I /-1 \ 2 




z>—p—1 


-dv 


In [9] the authors introduced the operator = Rq ,^U from L 2 {U^,fJ,u) onto 
Z 2 (Z+~^,i 2 (R+)), and the adjoint operator ii* = U*Ro^i, from ^ 2 (^ 47 ^,i 2 (R+)) 
onto where U = U2U1U0. They proved that i?* is the isometric isomor¬ 

phism of / 2 (Z+~^, T 2 (K+)) onto the subspace H'^{1]p). Furthermore, we have 

R,Rt = I : l2{Zl-\L2{R+)) ^ Z2(ZP-\L2(K+)) 

RtR, = Pup., : L2i,W,n,) ^ 

where Ppp., is the Bergman projection of L 2 {W,fi^) to H^{Up). 

The inner product in (/ 2 (Z?p^, L 2 (R-i-)))^”' is given by 

(({aM.n(0}„eZ^-i)McQ, ({^M,n(0}nez^-OMCQ) 


MCQ 


m 


r(u + |M|) 


E ((nM,n(0) ^M.n(C))L2(R+) ■ 




Definition 4.3. Consider the operator 

P,.(p|,) : p2(uPl9) ^ (;2(Z^-\L2(K+)))'’ 

defined by 


^I'Xpk) I E I = {Rv+\m\{'^m)) 

\mgQ 

whose explicit expression is given by 


McQ ' 


Ru,(p\q) I E 
MCQ 


= (2^)- 


2(27r)P(2^)l”l+‘'+l“l- 

n\r{i^+\M\) 


Jvp 


n —i^z„ 


(I: 


mZn - z 




dv{z) 


yp-1 j 

"+ / MCQ 


Its adjoint operator is 

: {l2{'Ll-\L2{^+)) f ^ P2(UPI«) 

dehned by 

Rl,(p\q){{{^M,n{0}n&Y^'^^^^'^ ^ E ({^M.n (C)}„eZ^-i )^M , 

MCQ 

whose explicit expression is now given by 

E(p|9)(({^A^."(^)}nezP-0McQ) 
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= E 

MCQ 


(27r) 


E 


p_i 


2(27r)P(2^)l”l+'"+l^l“i 
n!r(z^ + \M\) 


bu,MiOizTe^^^’'d^ ^M- 


Theorem 4.4. The operators 


are isometrie isomorphisms. Furthermore, we have 

= I ■■ {h{K~\L2{^+))f ^ a2(zr\i2(R+)))"’ 

The proof of this result is similar to that of Theorem 14.21 


4.3. Nilpotent case. We consider the space 

L2(D^ ry,) = L2(CP-1) ® L2(R) ® i2(R+, V.), 

and the unitary operator Ui = I ^ F ^ I acting on it, where F is the Fourier 
transform on L 2 (R)- 

Using the standard Cartesian coordinates x' = (a:i, ...,Xp-i) and 
y' = (yi, ...,yp_i), where Zk = Xk F iyk, in x we have 

L2(W, y,) = L2{W-^) ® L2(R'’-^) O L2{R) O L2(R+, 


Consider the unitary operator U 2 = F{p-i) ® I ® I ® I, where 

Fyp-i) = Fi ® ... 0 F"p-i is {p — l)-dimensional Fourier transform, acting on this 

tensor decomposition. 

Consider the change of variables 




Vk = + s/lvk, 


which is equivalent to 

ik = \/l,{uk + Vk), yk = 


2 V? 


{-Uk + Vk) 


k = l, ...,p- 1 , 

k = l,...,p- 1 , 


and the corresponding unitary operator acting on L 2 (R^ ^) 0 T 2 (R^ ^) 0 T 2 (R) 0 
L 2 (R+,??i/) by the rule 


where u' = (iti,..., Up-i) and v' = (ui,..., Vp-i). 

In this case, we consider the isometric embedding 

Ro^,-.L2{W-^ xR+) ^ L2{W-^)^L2{W-^)^L2i^)^L2iR+,y,.) 

given by the assignment 


{U 3 (p){u', v', ^,v) = (p (u' + v'), 


2 v^ 






\v’\- 


XR+ {0 


( 

\c,,T{iy-p) 


1 

2 
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where the function is extended by zero for ^ S R \ R+ for each u' G MP 

The adjoint operator 

Rl, : L2iW-^) ® L2iW-^) 0 L2(K) ® L2iR+,v^) L2 (M.p-^ x R+) 

obviously has the form 


(jm 


/BP-1XR+ 


f{u',v',^,v)dv'-^v'' P ^dv. 


^Ci,T{iy -p)^ 

In [S] the authors introduced the operator R^, = R^^^U from L 2 {p ^onto 
X M+) and the adjoint operator R* from L 2 {Mp~^ x R+j onto the subspace 
J\^{pp). They proved that i?* is the isometric isomorphism of L 2 (R^~^ x R_|_) onto 
the subspace i7^(U^). Furthermore 

R^Rl = I : L 2 iW-^ X R+) — ^ L 2 (R^“^ x R+), 

R:R, = Bdp,. : L2{W,J1,) AliW), 

where -Bdp.i/ is the Bergman projection. 

Now we define the analogue of the Bargmann transform for the super case. 

Definition 4.5. Consider the operator 

R.,ipM ■■ ^ X R+))2’ 

defined by 

V'mCm 


R. 




,MCQ 




= (^i/+|M|(V'm)) 


MCQ ■ 


Whose adjoint operator 

K.(p|,) : (T2(KP-' X R+) f -G 

is defined by 


McQ 


The inner product in (L 2 (R^ ^ x R+))^”* is given by 
(('0m(m',O)mcQ> {4>m(u',^))mgq) 

= E 


r(u + |M|) 


{iPm{u', 0: 4'Miu', 0)l2(R+)- 


MCQ 

Theorem 4.6. The operators 

^ (L2(M^-' X R+))2’ 


and 

: (L2(R^-i X R+))2’ ^ 

are isometric isomorphisms. Furthermore 

R-^,ip\,)K,ip\,) = 1 ■■ {L2{W-^ X R+))2’ ^ {L2{W-^ X R+) f 

Kip\,)R>^,ip\<i) = I ■■ ^ Hl[W\^). 

The proof is similar to that of theorem 14.21 
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4.4. Quasi-nilpotent case. Given an integer 1 < fc < n — 2, we will write points 
of DP as z = {z',w',Zn), where z' G and w' G and points of D^ as 

{z',w'X), respectively. 

According to this notation we represent 

L2(DP, 7?,) = L2(C'=) ® i.2(CP-'=-i) G) L2(R) 0 L2(R+,r,u). 


Applying, as in the previous two cases, the unitary operator Ui = /®/®F(g)/, 
we have that the image ^i(Dp) = [/i(.Ao(Dp)). 

Now introducing in the polar coordinates, zi = riti, where ri G M+, ti G 
S'! = T, / = 1,..., fc, and Cartesian coordinates in x' = {xi, ...,Xp-k-i), 

y' = (yi, ...,yp_fe_i), where Wm = + Wm, m = 1 , ...,p - fc - 1 , we have that 

L 2 (DP,ryj,) decomposes as the tensor product 

L 2 (R+,r-dr) (g) L 2 (T'=) (g) L2{W-'^-^) (g) L 2 (R^“''“^) (g) A 2 (K) 0 L2{R+,v^). 

Consider the unitary operator U 2 = I ® J-(k) C) Ff^p_k-i) 'Si I I I acting from 
L 2 {DP,rj^) onto 

L 2 (R+, rdr) S S L 2 {W->^-^) S L 2 {W-'^-^) S A 2 (R) O A 2 (R+, 

= ^ 2 (Z^ L 2 (R+, rdr) S L 2 (RP-'=- 1 ) ® ® A 2 (R) ® L 2 (R+, y,.)), 


where F(^k) = F S ■■■ S F is the /c-dimensional discrete Fourier transform and 
= F S ■■■ S F is the (p — k — l)-dimensional Fourier transform. 

Next consider the change of variables 


which is equivalent to 


— 


2 v^ 


im + \/iyn 


— 'v/C (^m F Vm) j ym — rt fF i '^m F Vm) ^ 

2 v? 


m = 1, ...,p — k — 1 , 


m = 1 , ...,p — k — 1 . 


Then, there is a corresponding unitary operator U 3 acting on 


^2(Z^ L2{R+,rdr) S L2(RP-'=-^) O L2(R'’“''”^) O A2(R) O A 2 (»+,??,.)) 


by the assignment 


pel.'" 


Usidpir, y', v)}p^j,k = jdp ^/^ {u F v') , {-u' F v') > | 

where u' = (ui, ...,Up-k-i) and v' = {vi, ...,Vp-k-i). 

In [5] it is introduced the isometric imbedding Rq ,^ from the Hilbert space 
l2iZ'l,L2{W-'^-^ X R+)) into 

p—k—l\ 


^ 2 (Z^ (L 2 (R+, rdr) S L 2 iW-^-^) S L 2 (R^“''“^) O A 2 (R) O A 2 (R+, V.)), 


vk IT mfc ^ r 7i^p-fc-l 

which maps {cn(u^to 


p — fc — 1 

TI- ~Xzl {n)xR+{0 


/ 2fe+2^2^)l"l+‘^“P+^ 
+ V c,.n!r(z^-p) 




) nel'" 

where the functions c„(m',^)) are extended by zero for f G M \ R+ for each u' G 
RP“^“i and each n G Z^. 

The adjoint operator ^ acts from 

I 2 , {L 2 (M+, rdr) (g) L 2 ^) (g) L 2 (RP"'="^ ) (g) T 2 (R) 0 T 2 (R+ ,??>.)) 
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onto ^2(2* ,L 2 (R^ ^ ^ X M+)) and maps a sequence {d„(r,u', w', T)}„gzfc into 
R^^dnir, u', v', u)}„gzfc) 
j /2''+2 (2^)hl+!^-p+fc 

V n!r(u-p) 

X dn{r,u ,v',^,v)rdr dv —— - dv> 

4 J ngZ^ 

In [9] the authors introduce the operator = Rq ,^U from L 2 {V)^,Jiu) onto 
^ 2 ( 2 ^, L 2 (IRP“^“^ X K+)), and the adjoint operator i?* being the isometric iso¬ 
morphism of Z 2 (^+, X K+)) onto the subspace .4^(0^’) of L 2 (D^,/iy). 
Furthermore 

R^Rl = I : X R+)) ^ x R+)), 

RIR, = Bnv,u : i2(D^P^.) AI(BP), 

where -Bdp,i^ is the Bergman projection. 




/r5.xRp-''-1xR+ 


Definition 4.7. Consider the operator 

: i72(upl'i) ^ (;2(Z^,L2(KP-'=-' X R+)))2’ 

defined by 

d^'',(p\q) X! = (i?i.+ |M|(V’M))M^Q • 

Va^cQ / 

The adjoint operator 
is defined by 

^i^,(p|9)({cM.n(M',C)}nGZ^)McQ) = X! ({cM.n («', OlngZ!^ )^M, 

MCQ 

where the inner product in (/ 2 (Z^j_, L 2 (®.^~^~^ x R+j))^”’ is given by 
(({aM.n(w',6}nGZfc)McQ, ({^M,n(w', OlngZl^ )mcq) 

“ ^ TV—I l/ITh (aM,niu', ^),bM,n{u, C))l2(Rp-'=-^ xR+) ■ 

MCQ neZ^ 


Theorem 4.8. The operators 

RuXPk) ■■ ^ (; 2 (z^,T 2 (R^-"-' X r+))) 2 ’ 


X R+))) 2 ’ ^ Hl{W\<i) 

are isometric isomorphisms. Furthermore 
d^u,{p\q)dd,y^(p\q) = I ■ 
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The proof is similar to that of theorem 14.21 


4.5. Quasi-hyperbolic case. We represent ^ x R x R+ in the form 

CP“^ X If, where If is the upper half-plane, and introduce in the “non-isotropic” 
upper semi-sphere 

f2 = {(z',C)eCP-i xH: |z'|2 + |C| = l}. 

The points of admit the natural parameterization 

Zk = Sktk, where Sk G [0,1), 4 € S^, k= 1, ...,p - 1, 

C = pe*®, where p G (0,1], 0 G (0,7r), 


^1+ P — 

k=l 

This in turn induces the following representation of the points (z', C) G ID>p = 
cp-i X n 

Zk = r^Sktk, k = l,...,p-l, = 

where r G R+. 

We represent now IJP = r(BP“^) x TP“^ x R+ x (0,7r), where 


jp-i'i = 


) (-^Ij l) G 


p-1 

fc=l 


< 1 } 


is the base (in the sense of a Reinhardt domain) of the unit ball and TP“^ = 

5"^ X ... X is the p — 1 dimensional torus. 

Introduce the new coordinate system (s, t, r, 9) in D^, where we have s = (si,..., Sp-i) G 
r(BP“^), t = (ti,..., tp_i) G TP“^, r G M+, and 9 G (0,7r), which is connected with 
the old one (z'X) by the formulas 


(4.2) 


Sk = 


\zk\ 


vW+R- 


Zk 

tk = 

\Zk\ 


+ |p|, 6l = argC, 


or 

Zk = r^Sktk, C = P(1 - IsRe*®, 

where k = 1, ...,p — 1. 

A direct computation shows that under the change of variables (IQ) we have 


dv{z\ C) = ^^(1 - \sf) Skdsk drdO, 


and 

p^ = — r''-P-\l - |s|2)^-P-i£h sin‘^-P-1 9. 

Introduce the unitary operator C/i = / 0 0 My I which acts from the 

space 


L2(r(BP-i), (1 - IsH'-Pfids) ® L2(TP-1) 

0 L2(R+, r^“^dr) 0 L2((0,7r), ^ sin‘"“P“^ 9d9) 
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onto the space 

h{ZP-\L 2 iT{BP-^), (1 - \s\'^Y-Psds) ® L 2 (K) ® LY{0, tt), ^ sin'-^-i 0d0)), 
where the Mellin transform Mi, : L 2 {B+,r^~^dr) —> L 2 (K) is given by 


and the inverse is as follows 

(M-V)W = f 

y At: Jb 

and -^(p-i) = ® ■■■ ® \s the (p — l)-dimensional discrete Fourier transform. 

Introduce the isometric imbedding i?o,!y of the space 12 (^ 4 .”^,i 2 (R)) into the 
space 

W^^+\L2{t{BP-Y, (1 - |sn"-Psds) 0 LaW 0 i 2 (( 0 , tt), ^ sin'-P-^ 0d0)) 
by the rule 


where the functions I3n,v = 
(4.3) Pn,. = s^[l-[\+i)\s\ 


=Z^“^ ' ^ {On(0 1^(0/^n, 1/(^7 Cl ^)}ne2 

ldn,uis,^,0) and an,„{0 are given by 

2 j-Li^+ieg- 2 (?+i^) arctan[(^l-i 


1 , 


tan ^ + 



and 

(4.4) 

(C) 



i)x(0,7i-) 


lA 


i,Ys, C, 0 )P (1 - sin'^-P-i 0 sdsd0] 


1 

2 


The adjoint operator Rq ^ which acts from 

l2(ZP-\ L2(r(lP-i), (1 - IsH'-^sds) 0 L2(K) ® i^2((0, tt), ^ sin"-P-i dd0)) 
onto the space 12 ( 1 ^^^, L 2 {M.)) has obviously the form 

d^ 0 ,iyi{dn{s, C, ^)}rtGZP-i) 

= I an..(C) f du{s, C, 0) (1 - \s\^r-P 

y J r(BP X (0,7r) 

X ^ sin‘"“^“^ 0sds(id| 

4 J nezP-i 

In [9] the authors introduced the operator R„ = R^^^U from 472 ( 10 ^,^!^) onto 
^ 2 (^ 4 .”^, L 2 (R)), and the adjoint operator R* being an isometric isomorphism from 
^ 2 (^ 4 .”^, T 2 (R)) onto the subspace AKW). Furthermore 

R„Rl = I : l2{ir-\L2m) l2{ir-\L2m), 

RtR, = Bn,,, : L2{UP,J1.) Al{W), 

where Bn,,, is the Bergman projection. 

Now we define the analogue operator for the super case 
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Definition 4.9. Consider the operator 

: if2(upl9) ^ 

defined by 


E 'ipM^M = (-R 1 /+IMI ('0m)) 


yMcQ 


MCQ ' 


The adjoint operator 




is defined by 


-^^.(p|g)({cM.n(^)}„gzP-i)McQ) = X! ({cM.n (OlneZ^-O^M , 

MCQ 

where the inner product in T 2 (R)))^”' is given by 

(({aM.n(0}„eZ^-i)McQ, ({^M,n(0}nez^-OMCQ) 

= E r(v+\M\) E (aM,n(C),^M,n(C))L 2 (R+)- 

MCQ ^ ' '' nGZP-1 

Theorem 4.10. The operators 

i?,,(p|,) : il2(uPl9) ^ {l2{Zl-\L2{R))f 


and 

: {uzi-\L2m)r^ ^ 

are isometric isomorphisms. Furthermore, we have 

r^m,)Kxp\,)=i-- {i2{zi-\L2m)f'‘ ^ {h{zi-\L2m)f 

<(p|,)^Y(pk) = I ■■ ^ il2(upk). 

The proof is similar to that of theorem 14.21 


5. Toeplitz Operators 

Definition 5.1. For F an element of C(]BpI'^) (an element of C(UpI'^)), the super- 
Toeplitz operator Tf on (on iJ^(U^I‘?), respectively) is defined by 

= P''{F^), 

where P'^ denotes the orthogonal projection onto iJ3(BPl'J) (onto il^(U^I'^), respec¬ 
tively) . 

In [5] the authors proved that every super Toeplitz operator Tp on FlUW^'^) is 
given by the 2* x 2"? -matrix. With respect to the decomposition 

'I' = E 

McQ 

the super Toeplitz operator has the form 

„ r(p-i-|j|-p) 

luJcKcQ \ \ \ nj 


(5.1) 
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(5.2) X . 

Here, for 0 < i,j < q, denotes the Bergman-type Toeplitz operator 

Ktnf) = P.+^fPu+J ■■ ^ Hl^^{W) 

from to 

The following proposition is a consequence of the above result and the fact that 
^2(Bp|g) jg isometric to which is given by Theorem 12.61 


Proposition 5.2. With respect to the decomposition 


'I' = E 

MCQ 

the super Toeplitz operator Tp on Hy(l[J^I'*) is given by the x 2* -matrix 
lUJCKCQ \ \ \ FJ 

X Ktlit 


.+|/| 2i 

Here, for 0 < i, j < q, T'^Xl denotes the Bergman-type Toeplitz operator 
KlfU) = P.+./P.+, : Hlp^iW) ^ Hlp,{W) 
fromHlp^{W) to Hlp^{W). 

Corollary 5.3. Let F be a super function of the form 


F{z.O= E Fm{z)£,mCm- 

McQ 


Then the super Toeplitz operator Tp on Hf, 
2 *^ X 2 '* diagonal-matrix 


(or Hi 


is given by the 


(5.3) 


or 


ICKCQ 


(Tf)!.! = E UEb ( 


ICKCQ 


6 . Super Toeplitz operators with special symbols 

6.1. Quasi-elliptic. We will call a super function F quasi-elliptic if it is invariant 
under the action of the quasi-elliptic group, in other words, when F has the following 
form 

F(z,e) = E^KO^e?, 

IcQ 

where r = (ri,...,rp) = (Izil,..., \zp\). 
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Theorem 6.1. Let F be a bounded measurable quasi-elliptic super function. Then 
the Toeplitz operator Tp acting on is unitarily equivalent to the multipli¬ 
cation operator I = {p\q) o,cting on where RyXp\q) and 

i?* (pl^) are given in Definition \4. 1\ The sequence 

iFp = 


is given by 


'yppin, M) 


2PT{\n\ + u+\M\) 
n\r{n + \M\ — p) 





r^y+\K\-P-^rdr, 


where Xm = {K C Q M C K}. 

Proof. For every super function F the Toeplitz operator is unitarily equivalent to 

R^Apk)TFKM,) '■ (^ 2 ( 2 ^))'" ^ {hiP’+)f\ 

where the components of the operator are 

(6.1) {KAP\<i)TFKAp\,))LJ = R.+\i\{n)LjK+\JV 

Now, we consider a super function of the form F = '^j(-q Fj{r)fi£,4 using 
corollary 15.31 we have that the Toeplitz operator has the form 


{ Exex. Cm C\/(r)(l - Irnl^l-I^l) 
From the above equation and 16.11 we have 


I^J 

I=J 


iRF{p\g)RFRt,{p\q))LJ 

~ I Era R-^+mP'^+m C\/W(i - Ir^i^i-hi) / = j 

By theorem 10.1 in [5] the above operators are multiplication operators then 

^ i?.+|7|P.+|/| (FK\/(r)(l- P.+|7 |P:+p| 

Keh 

= j W|/|H [ (PK\iir)il-r^y^\P^\'\ 

X r2"(l-r2)‘'+l^l-P-Vdr €„,/} 


l.+|7|(n) V f FK\iiry^il-r^rP^\-P-^rdr 
KgXi 


^n,I 


where 


2PT{\n\+,z+\I\) 
m+|7|(^^) = —rpD— hTi-T- 


□ 
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6.2. Quasi-parabolic case. We will call a super function F quasi-parabolic if it 
is invariant under the action of the quasi-parabolic group, in other words, when F 
has the following form 

IcQ 

where r = (ri,..., rp_i) = (|zi|,..., \zp-i\). 


Theorem 6.2. Let F he a bounded measurable quasi-parabolic super function. Then 
the ToepUtz operator Tf, acting on is unitarily equivalent to the multipli¬ 
cation operator ^F,vI = (pi,) acting on 

)))^^; where RuXp\q) o,‘^d given in Definition \4 d\ The 

sequence 

iff = 

is given by 


7F,^(n,C,M) 


n!r(u -I- \M\ — p) 

X V / FK\M{'/?,v + f)r'^e-^^^^+^'>v''+^’^^-P-^drdv, 

KgIm •^"+ 


where r = (ri,... ,rp_i), ^/r = v^p_i), f = n -\ --|- Vp-i and Im = 

{KCQ:MCK}. 


Proof. For every super function F the Toeplitz operator is unitarily equivalent to 
where the components of the operator are 

(6-3) iR:',{pW)^FK,{p\q))LJ = Ri^+\i\iTF)i.jK+\j\- 

Now, we consider a super function F = J^icQ using corol¬ 

lary [531 we obtain 


I 0 

(^f)7,J \ V—^ r7^t'+|/| / jp ( 

\Y.K^i,r+\i\[FK\i{r,v 


From the above equation and 




I^J 
I = J 




T.K&iiR^+lilP-'+lil {FK\i{r,v + f){vy^^ 1^1) P^+|/|i?: 


F+\I\ 


I^J 

I=J 


By Theorem 10.2 in the above operators are multiplication operators 


'^v+\I\Pv+\I\ 


{FkmW, 


E 

Keh 

(2^)i"i+i^+bi-i 


„+p)(^;)l^|-hl 


E 

.Keh 


n!F(u + |M| — p) 


fiK\i{VF,v + 
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( 2 C\\n\+v+\i\-'L r 

—I PK\i{V?,v + f) 


n!r(z/ + \M\ — p) 


Keh •'*+ 


J ’ JnGZ^-^ 


□ 


6.3. Nilpotent case. We will call a super function F nilpotent if it is invariant 
under the action of the Nilpotent group, in other words, when F has the following 
form 

IcQ 

where z' = (zi,..., Zp_i). 

Theorem 6.3. Let F be a bounded measurable nilpotent super function. Then the 
Toeplitz operator Tp acting on is unitarily equivalent to the multiplication 

operator jppi = Ru,{p\q)TpR* aeting on {L 2 {W‘~^ xIR+))^’, where Ri/^{p\q) and 
R* are given in Definition \4.5\ The function 


is given by 


lF,v = (7F.i-(u',^,M))^^g 


-iFpiu! ,f,M)= ^ 

TT 2 r(F+ |M| -p) 

X Fk\m{i^^{-u + v'), v'^^\^\-~^-Uv'dv, 

where Xm = {K C Q : M C K}, u' G and f G K+. 

Proof. For every super function F the Toeplitz operator is unitarily equivalent to 

RuXp\,)T!^R:,ip\,) ■■ X R+))2‘' ^ X R+))2^ 

where the components of the operator are 

( 6 - 4 ) iR,^,{p\g)'^FRt,{p\q))Fj = Riy+\i\iTF)F,jRl+\j\- 

Now, we consider a super function of the form 

F=Y, Fi{lmz\lmzn - \z'\^)fiCi- 


IcQ 


Using [O] we obtain 


i^j 


(6.5) r = J ' 

From the above equation and 16.41 we have 


{Rv,ip\<l)'^FRu,{p\q))l,J 

0 I^J 
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By theorem 10.3 in [9] the above operators are the multiplication operators 


K€Xi 


(20 


u+\M\-p 


V ^ 

^g2:/ + l-^l ~ P) •^K"“^xR+ 


[ FK\Mi 7 ;^{-u'+ v'),v) 

jR"-ixR+ 




ci{u',0- 


□ 


6.4. Quasi-nilpotent case. We will call a super function F quasi-nilpotent if it 
is invariant under the action of the quasi-nilpotent group, in other words, when F 
has the following form 

F{z,0 = fdr,y',lmzn - 

IcQ 

where r = (|zi|,..., \zk\), y' = Imre', and w' = (zfc+i,..., Zp-i). 

Theorem 6.4. Let F be a bounded measurable quasi-nilpotent super function. Then 
the Toeplitz operator Tp acting on is unitarily equivalent to the multipli¬ 
cation operator I = acting on (^ 2 ( 2 * , x K.+)))^”’, 

where Ru.(p\q) cin-d R* are given in Definition ]^. ?[ The function 


is given by 


iFp = ({7E.i.(n,u',^,M)}„gzfc j 
p-fc-i (2^)l"l+'^+|M|-P+fe 


MCQ 


y / 

n\T{v +\M\ — p) • 1 r+xR"-''-ixR+ 

1 


X FxXMiVr, + v'),v + ri -f ... + rk)rP 

X e-'^iiv+ri+-+r,,)-\v'\^ v''+^^^-P-^drdv'dv, 

where Im = {K C Q : M C K}, ^ = (-v/r^,..., \fr^, n G Z^, u' G and 

f€R+. 

Proof. For every super function F the Toeplitz operator is unitarily equivalent to 
: (Z2(y,T2(KP-"-' X R+))f ^ ihiZl,L2{W>-^-^ x R+)))2’, 
where the components of the operator are 

( 6 . 6 ) (.RFipW)TFK,(p\q))LJ = K+\i\(Tf)ljK+\j\- 

Now, we consider a super function of the form F = F/(r, y', Imz„ — 

and using cororallv 15.31 we obtain 

0 I 

EagI/ 'C+m {FK\i{r,y',lmZn - |z'|2)r;l^l-lb) / = J ' 

From the above equation and 16.61 we have 


(6.7) {T^)i,j = 


iRi',ip\q)'RFRij,{p\q)) I ,J 
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0 I^J 

In particular by theorem 10.4 in [9] the following operator is a multiplication oper¬ 
ator 

^ i?^+|7|P^+|/| P^+|7|P*+|7| {cnjiu',^)) 


Ksh 

K&Zi 


p-fc-i (2^)l’^l+‘'+|M|-P+fe 
n! T{v + \M\ — p) 


'-XK+ 


X FxKMiVr, —7=(-m' -f v'),v + ri + ... + rt) 


2V? 


X g-2C(w-|-ri + ...+r-fc)-|D'p ^v+\K\-p-l 


drdv'dv ■ 


□ 


6.5. Quasi-hyperbolic case. We will call a super function F quasi-nilpotent if it 
is invariant under the action of the Quasi-nilpotent group, in other words, when F 
has the following form 

F{z,^) = ^fi (si,...,s„_i, arg(z„ - i\z'\'^)) |z„ - 
IcQ 

where 

\zk\ 

Sk = — . , 

VWW+K^WF\ 

k = 1, ... ,n — 1 and z' = (zi ,..., Zp-i). 

Theorem 6.5. Let F be a bounded measurable quasi-nilpotent super function. Then 
the Toeplitz operator Tp acting on is unitarily equivalent to the multi¬ 
plication operator ^F,vI = Pv,{p\q)TFR*,j (p\q) acting on L 2 (K.)))^”", where 

Rv.{p\q) and R* are given in Definition \4.9\ The function 

iff = 

is given by 

7F,^(n,^,M)= ^ +^M\{0 [ FK\M{s,d)\l3nF+\M\{s,f,,0)\^ 

KgIm ir(B-i)x(0,.) 

X - \s\^y+m-p'^L+m sin-'P’^^-P-^dsdsde, 

where Im = {K C Q : M C K}, and the functions ap{f) and l3p{s,f,0) are given 
by and respectively. 

Proof. For every super function F the Toeplitz operator is unitarily equivalent to 

R^.ipW)TFR:,iplq) ■■ ^ (^2(Zr^i2(M)))'^ 

where the components of the operator are 

( 6 - 8 ) iR>^,{p\q)PFRt,{p\q))i,J = Ru+\i\iRF)i,jRl+\j\- 
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Now, we consider a super function of the form F = E/cQ and 

using corollary 15.31 we obtain 


- I Cl',I (Oa/I.*),--'*'''-'*'-''') 

From the above equation and 16.81 we have 


I^J 
I = J 


{Ru,(p\q)TpRt^(^p\g))l,J 


_ 0 I^J 

~ \ Em ^.+|/| A+|7| d) sinl^l-l^l e) P.+|7|i?:+p| I = J 

By theorem 10.5 in the above operators are multiplication operators 

^ i?.+ |7|P.+ |/|F;,\,(s,0)sinl^|-|^l0P,+ P|i?E|,| (CnjiO) 


Keh 


= E <.+|/|(^) / F;,\,(s,0)sinl^l-l^l0|/3„,.+p|(s,e,0)P 

K^Xi Jt(E^ i)x(0,7r) 

X (1 - |s|2)=^+|/|-pE^ sm''Fi\-P-^ 0 sdsde ■ [Cnj{u ,0] 

= E '^n,,y+\I\(.0 [ FK\l{s,d)\l3n,^+\I\{s,^,9)f 

K^Xj X (0,7r) 

X (l-|s|2)-+hl-pE^ sin'+l^l-P-i^sdsde-[c„./(n',C)]. 


□ 


References 

[1] F. A. Berezin, Introduction to Superanalysis, Reidel, Dordrecht, 1987. 

[2] D. Borthwick, S. Klimek, A. Lesniewski and M. Rinaldi, Super Toeplitz operators and non- 
perturbative deformation quantization of supermanifolds, Commun. Math. Phys. 153 (1993), 
49-76. 

[3] D. Borthwick, S. Klimek, A. Lesniewski and Rinaldi M. , Matrix Cartan Superdomains, super 
upper Operators, and Quantization, Journal Functional Analysis 127 (2), 456-510, 1995. 

[4] S. Grudsky, R. Quiroga and N. Vasilevski, Commutative C* — algebras of Toeplitz operators 
and quantization on the unit disk. Journal of Functional Analysis 234 (2006), 1-44. 

[5] M. Loaiza and H. Upmeier, Toeplitz C*-algebras on super Cartan domains, Revista 
Matematica Complutense, vol. 21 (2008) no. 2, 489-518. 

[6] M. Loaiza and A. Sanchez-Nungaray, On C*-Algebras of super Toeplitz operators with radial 
symbols, Operator Theory: Advances and Applications, 2010, Vol. 210, 175-188. 

[7] M. Loaiza and A. Sanchez-Nungaray, Commutative algebras of Toeplitz operators on the super 
upper half-plane: Quasi-hyperbolic and Quasi-parabolic cases, Operator Theory: Advances 
and Applications, 2014, Vol. 236, 317-336. 

[8] R. Quiroga-Barranco and N. Vasilevski, Commutative algebras of Toeplitz operators on Rein¬ 
hardt domains, Integral Equations and Operator Theory 59, 67-98, 2007. 

[9] R. Quiroga-Barranco and N. Vasilevski, Commutative C*-algebra of Toeplitz operators on 
the unit ball, I. Bargmann type transform and spectral representations of Toeplitz operators. 
Integral Equations and Operator Theory, 59(3):379-419, 2007. 

[10] R. Quiroga-Barranco and N. Vasilevski, Commutative C*-algebra of Toeplitz operators on 
the unit ball, 11. Geometriy of the level sets of symbols, Integral Equations and Operator 
Theory, 59(1):89-132, 2008. 




32 


R. QUIROGA-BARRANCO AND A. SANCHEZ-NUNGARAY 


[11] A. Sanchez-Nungaray, Commutative algebras of Toeplitz operators on the super upper half¬ 
plane: Super parabolic case, Operator Theory: Advances and Applications. 2012. Vol. 220, 
263-280. 

[12] K. Zhu, Spaces of Holomorphic Functions in the Unit Ball, Springer-Verlag, New York, 2005. 

Centro de Investigacion en Matematicas, Guanajuato, Mexico 
E-mail address: quirogaOcimat .mx 

Facultad de Matematicas, Universidad Veracruzana, Veracruz, Mexico 

E-mail address: armScuichezOuv.inx 



